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σ2 YAMABE PROBLEM ON CONIC SPHERES II:BOUNDARY
COMPACTNESS OF THE MODULI
HAO FANG AND WEI WEI
Abstract. We prove a convergence theorem on the moduli space of constant
σ2 metrics for conic 4-spheres. We show that when a numerical condition is
convergent to the boundary case, the geometry of conic 4-spheres converges to
the boundary case while preserving capacity.
1. introduction
In this paper, we discuss the moduli space of constant σ2 metric on a conic
4-sphere, following our previous work [FW].
We start with notations and some historical comments. Let (M, g) be a smooth
manifold and Ric,R be Ricci curvature and scalar curvature respectively. The
Schouten tensor is defined as
Ag =
1
n− 2
(Ric−
1
2(n− 1)
Rg).
Denote {λ(Ag)} as the eigenvalue of Ag respect to g. Define k-th elementary
symmetric function σk(λ) as the following
σk(λ) =
∑
1≤i1<···<ik≤n
λi1λi2 · · ·λik .
When k = 1, up to a constant, σ1(λ(Ag)) is the scalar curvature. Define the
conformal class
[g] = {gu = e
2ug|u ∈ C∞(M)}.
The classical Yamabe problem is to find a metric in [g] with constant scalar cur-
vature. σk Yamabe problem is raised by Viaclovsky in [V1] to find a metric in [g]
with constant σk curvature, which is equivalent to find a solution u to the following
equation
σk(λ(Agu )) = c,
where Agu = Ag −∇
2u+∇u⊗∇u −
|∇u|2g
2 g and c is a constant.
In order to make the equation elliptic, a point-wise positive cone condition is
usually considered as below
Γ+k := {λ = (λ1, · · · , λn), s.t. σ1(λ) > 0, · · · , σk(λ) > 0}.
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In the last 20 years, σ2 Yamabe problems in 4-manifolds have been studied
intensively due to its variational structure and geometric connection with Gauss-
Bonnet-Chern formula. In [CGY1], Chang-Gursky-Yang have constructed a posi-
tive σ2 curvature metric by exploring the connection between σ2 curvature and Q
curvature. Furthermore, they have proved that when the manifold is not con-
formal to sphere, there exists a smooth metric such that its σ2 curvature ad-
mits any given positive function [CGY2]. In [GS], using a metric structure on
the spaces of conformal factors, Gursky-Streets have proved that the metric with
constant σ2 curvature is unique in the same setting. There are abundant re-
sults about the existence and regularity of σk Yamabe problem and we refer to
[GLW, GV2, GV3, GV4, GV5, GW1, GW2, H, TW, Tru] and references therein.
Singular σk Yamabe problem considers solutions of same partial differential equa-
tions on a smooth manifold away from a lower dimensional singular set. For k = 1,
the singular Yamabe problem has been extensively studied from view points of
semi-linear elliptic equations and differential geometry. For k = 1, n = 2, or sin-
gular Yamabe problem on surfaces, see the seminal works of Troyanov [Tr, Tr2],
see also works of Chen-Li [CL, CL1], Luo-Tian [LT] and Fang-Lai[FL1, FL2, FL3].
For k = 1, n ≥ 3, concerning the positive scalar curvature, in a seminal paper
[S], Schoen has given the first construction of solutions with finite point singu-
larities. His proof is further simplified by Mazzeo and Pacard [MF]. Many works
have appeared later. Especially, Mazzeo-Pollack-Uhlenbeck [MPU] have introduced
the moduli space M consisting of singular solutions for constant scalar curvature
and proved that M is locally a real analytic variety of formal dimension k. For
4 ≤ 2k < n, Mazzieri-Segatti [LSe] have constructed complete locally conformally
flat manifold with constant positive k-curvature. For n ≥ 5, the existence of met-
ric admitting singularities with constant σ2 curvature on n dimensional manifolds
has been proved by Santos [SS] with some additional Weyl conditions. Note that
solutions for singular σk Yamabe problem are complete metric for k <
n
2 .
We focus on the case k = n2 . In [CHY], Chang-Han-Yang have studied the radial
solution of positive constant σk curvature equation and noticed that when k = n/2,
the metric near singularity is cone like. Furthermore, Han-Li-Teixeira in [HLT] have
proved that in a punctured ball, the solution is close to a radial solution up to a
Ho¨lder pertubation, which extends the well known result of Caffarelli-Gidas-Spruck
[CGS] for the k = 1 case. See also [KMPS]. Thus, solutions of σ2 Yamabe problem
on a 4-sphere can only be conic. Motivated by these works, we have introduced the
conic version to σ2 Yamabe problem in [FW].
For simplicity, we discuss the standard sphere case here. With the standard stere-
ographic projection, we define g = e2ugE with singularities p1, · · · pq−1 ∈ R
4, pq =
∞ and
• u(x) = βi ln |x− pi|+ vi(x) as x→ pi for i = 1, · · · , q − 1;
• u(x) = (−2− βq) ln |x|+ v∞(x) as |x| → ∞,
where vi(x) and v∞(x) are bounded in their respective neighborhoods. We call
above g conic metric and use (S4, D =
∑q
i=1 βipi, g, g0) to include all the geometric
information, where g0 is the standard sphere metric. By a slight abuse of notation,
we also use D to denote the singular set {p1, · · · , pq}. We also use [gD] to denote the
conformal class with above conic singularities D. The corresponding σ2 Yamabe
equation in Rn is
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(1.1) σ2(g
−1
E Aij) =
3
2
e4u,
where
Aij = −uij + uiuj −
|∇u|2
2
δij .
In our previous work [FW], we have studied the conic metric with constant
σ2 curvature on 4-sphere by constructing a local mass M(t) along level sets of the
conformal factor. See Section 2 for more details regardingM(t). Similar to Mazzeo-
Pollack-Uhlenbeck [MPU], we useM2(S4) to denote a moduli space as the set of all
smooth solutions u to singular σ2 Yamabe problem σ2(λ(Ag)) =
3
2 on S
4\P, where
P = {p1, p2, · · · , pq} are any fixed singularities.
In [FW], we give the following definition:
Definition 1. Let (S4, D =
∑q
i=1 βiqi, g0) be a conic 4-sphere with the standard
background metric g0. For all j ∈ {1, · · · , q}, we denote β˜j :=
(∑
1≤i6=j≤q β
3
i
)1/3
.
• We call (S4, D) subcritical for the σ2 Yamabe equation if for any j =
1, · · · , q
3
8β
2
j (βj + 2)
2 < 38 β˜j
2
(β˜j + 2)
2 + (β˜j +
3
2 )(
∑
1≤i6=j≤q β
2
i − β˜j
2
),
• We call (S4, D) critical for the σ2 Yamabe equation if there exists a j ∈
{1, · · · , q} such that
3
8β
2
j (βj + 2)
2 = 38 β˜j
2
(β˜j + 2)
2 + (β˜j +
3
2 )(
∑
1≤i6=j≤q β
2
i − β˜j
2
),
• Otherwise, we call (S4, D) supercritical for the σ2 Yamabe equation, which
means that there exists a j ∈ {1, · · · , q},
3
8β
2
j (βj + 2)
2 > 38 β˜j
2
(β˜j + 2)
2 + (β˜j +
3
2 )(
∑
1≤i6=j≤q β
2
i − β˜j
2
).
In [FW], we have proved the following theorem:
Theorem 2. Let (S4, D, g0) be defined as above. Assume that λ(Ag) ∈ Γ
+
2 .
If (S4, D) is supercritical, then there does not exist a conformal metric g ∈ [gD]
with positive constant σ2 curvature. If (S
4, D) is critical with positive constant σ2
curvature, then (S4, g) is a football.
Here we call (S4, g) football if g = e2ugE satisfies (1.1) with two singular points,
which is first described in case (a) of Theorem 1[CHY].
Theorem 2 gives some partial results which are parallel to the 2-dimensional case.
But compared to 2-dimensional case, the 4-dimensional one is fully nonlinear and
more complicated. The existence and uniqueness under the subcritical condition is
still unknown.
In this paper, we prove a compactness theorem for the moduli space M2(S4),
which can be defined as the collection of all conic metric on S4 with constant σ2
curvature. This is a parallel result of [FL1] in dimension 2.
First, we introduce a concept of capacity for the σ2 Yamabe problem. Using
the stereographic projection from q ∈ S4, any metric in M2(S4) can be written as
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gu = e
2ugE . We define
K(S4, g, q) = max
t∈R
1
|S3|
e4t|{u ≥ t}|.(1.2)
K(S4, g) =max
q∈S4
K(S4, g, q).
Note that that for t → ±∞, the quantity in the righthand side of (1.2) converges
to 0 by the Gauss-Bonnet-Chern theorem proved in [FW]; see also Theorem 7.
Thus, K(S4, g, q) is well defined. We also point out that K(S4, g, p) is scaling and
translating invariant.
Second, we introduce the following
Definition 3. A sequence of subcritical conformal divisors {Dl =
∑q
i=1 βl,ipl,i}
∞
l=1
is called numerically convergent and non-degenerate if
(1.3) lim
l→∞
βl,i = βi,
q∑
i=1
|βi| > 0,
and there exists a universal constant C > 0 such that
(1.4) 2−
q∑
i=1
β3i + 3β
2
i
2
≥ C.
We remark that if gl ∈ (S
4, Dl, g0) has constant σ2 curvature
3
2 , by the Gauss-
Bonnet-Chern theorem proved in [FW], (1.4) implies that there is a constant C′ > 0
independent of l such that
(1.5) V ol(S4, gl) ≥ C
′.
Finally, we give the main result of this paper:
Theorem 4. Let {gl}
∞
l=1 ∈ M
2(S4) be a sequence of subcritical metrics with re-
spect to conformal divisors Dl =
∑q
i=1 βl,ipl,i. Suppose that {Dl} is numerically
convergent and non-degenerate. If there exists a j ∈ {1, · · · , q} and some ǫ > 0,
such that β˜l,j :=
(∑
1≤i6=j≤q β
3
i
)1/3
> −1 + ǫ and
(1.6) lim
l→∞
3
8
β2l,j(βl,j+2)
2− [
3
8
β˜l,j
2
(β˜l,j+2)
2+(β˜l,j+
3
2
)(
∑
1≤i6=j≤q
β2l,i− β˜l,j
2
)] = 0,
then there exists a subsequence of {gl} converging to g∞ in Gromov-Hausdorff sense,
where g∞ is either the standard 4-sphere metric or a football metric defined by
Chang-Han-Yang. Furthermore, g∞ is characterized by the following capacity iden-
tity:
K(S4, g∞) = lim
l→∞
K(S4, gl).
Similar to the main result of [FL1], Theorem 4 indicates that in dimension 4, the
regular boundary component ofM2(S4) consists of critical metrics of 0 or 2 singular
points, which is uniquely determined by the capacity. It describes a geometric
merging of subcritical conformal divisors when taking the limit. In addition, we
have
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Corollary 5. Conditions as in Theorem 4. We have
(1.7) V ol(S4, g∞) ≤ lim inf
l→∞
V ol(S4, gl).
In particular, if g∞ is the standard 4-sphere metric, we have βl,i → 0 for all i ∈
{1, · · · , q} and l →∞.
Note that (1.7) in general is not the identity, which implies that the Gromov-
Hausdorff convergence leads to possible volume collapsing near singular points.
This is a new feature that does not happen in the dimension 2 case.
For k < n/2, in [W], the second-named author also gives a compactness theorem
for complete manifolds with constant σk-curvature under some natural conditions.
Even though the statement of our result is comparable to that of [FL1], and
both proofs rely heavily on the smallness of isoperimetric defects, there are some
key differences between dimension 2 and 4. First, when the isoperimetric defect
of a region is small, the classical Bennesen inequality in dimension 2 indicates the
Gromov-Hausdorff closeness of the region to a round 2-disc. There is no similar
result for higher dimensions without convexity assumptions. Instead, we apply
result of [FMP] where a measure theoretical closeness is achieved under similar
conditions. Second, due to the non-linear nature, we use the capacity concept to
fix the conformal gauge, which is different from methods used in [FL1]. These
two new key components, together with standard a priori estimates, lead us to the
needed convergence. However, the non-linear nature of our setup prevents us from
getting more precise information about the convergence, which should be more
closely examined.
We remark that our new method can be used to give an alternative proof of
main results of [FL1], because of the simpler relation between volume and capacity
in dimension 2.
The authors intend to study the uniqueness of solutions following approach of
Gursky-Streets [GS]. We would like to address the existence problem eventually.
We would also explore the σ2 Yamabe problem for general conic 4-manifolds.
We organize this paper as below. In Section 2, we follow the setup of [FW] to
discuss level sets of conformal factors. In Section 3, we list some technical results
that are used in our work. In Section 4, we prove the main theorem.
Both authors would like thank a referee who has pointed out mistakes in a
previous version.
2. Analysis on the level set
In this section, we recall some definition and results of [FW] for our discussion.
For a conic metric (S4, e2ugE , D =
∑q
i=1 βipi), assume that σ2(λ(gu)) =
3
2 on
S
4\D. We begin with the following definition about the level sets of the conformal
factor u :
L(t) = {x : u = t} ⊂ R4,
S(t) = {x : u ≥ t} ⊂ R4.
For a fixed t, it is clear that L(t) is smooth at a point P ∈ L(t) if and only if
∇u 6= 0. Define
S = {x ∈ R4\{p1, · · · , pq}|∇u(x) = 0}.
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In [FW], we have proved the following lemma, which implies the properness of
the integral on the level set.
Lemma 6. [FW]For U ⊂ R4, if σ2(gu) 6= 0 in U , then H
3(S∩U) = H4(S∩U) = 0,
where H3, H4 is the 3-dimensional and 4-dimensional Hausdorff measure.
We adopt the local coordinates in [FW]. Denote
(2.1) A(t) =
 
S(t)
e4u,
(2.2) B(t) =
 
S(t)
dx =
|S(t)|
|S3|
,
(2.3) C(t) = e4tB(t),
and
(2.4) z(t) = −(
 
L(t)
|∇u|3 dl)
1
3 ,
and finally,
D(t) =
1
4
(
 
L(t)\S
{2H |∇u|2 − 2|∇u|3} dl).
Here H is the mean curvature of the level set L(t), and dl is the induced 3-
dimensional measure on L(t). In this paper,
ffl
means 1|S3|
´
and ω1 = |B1| =
1
4 |S3|.
To see how singularities affect the shape of a manifold, we introduce a massM(t)
and some related results, which are proved in our previous paper [FW].
Define
(2.5) M(t) =
2
3
D(t) +
4
9
D(t)z(t) +
1
36
z4(t)− C(t).
Theorem 7. [FW]Let u be the solution to (1.1) with (S4, gu, D), we have
(2.6)
ˆ
R4
σ2(g
−1
u Au)dx = (2 −
q∑
i=1
β3i + 3β
2
i
2
)|S3|,
(2.7) M ′(t) ≥ 0,
(2.8) E = M ′ + 4C,
(2.9) A(t) =
2
3
[D(t)−D(+∞)],
(2.10) A′(t) = −
 
L(t)
e4t
|∇u|
dl,
(2.11)
1
3
d
dt
(z3) =
 
L(t)
(
H
3
|∇u| − ∇nnu)|∇u|,
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and
(2.12)
(A′)2
 
L(t)
(H |∇u| −
3
2
|∇u|2)|∇u|
 
L(t)
(
H
3
|∇u| −∇nnu)|∇u|dl ≥
3
2
e12t|L(t)|4
1
|S3|4
,
where
E =
1
3
(2zA′ +
2
3
z′
 
L(t)
(H |∇u| −
3
2
|∇u|2)|∇u|).
(2.6) is Theorem 3 in [FW]; the proof of (2.7)(2.8) is given in Theorem 14 [FW];
(2.11) is from Lemma 12 in [FW];(2.12) is contained in the proof of Lemma 14 in
[FW]; and (2.9) is proved in Theorem 15 of [FW]. Here z is also increasing respect
to t.
Now as A is strictly decreasing with respect to t by Theorem 7, we may use A as
a variable for functions z(A), C(A),M(A), D(A), respectively. See [FL2, FL3] for
some general discussion. It is clear that A ∈ [0, V ], where V = 23 (2−
∑q
i=1
β3i+3β
2
i
2 ).
Under this setting, we have the following simple estimate:
Lemma 8. ∂C∂A ≥ z + 1 for A ∈ (0, V ) a.e..
Proof. By (2.10) and (2.3),
(A′z)3 = (e4t
 
L(t)
|∇u|−1)3(
 
L(t)
|∇u|3 dl) ≥ e12t|L(t)|4 ≥ [4C(t)]3,
where the last inequality is due to the iso-perimetric inequality. We then obtain
that
A′z ≥ 4C(t).
Together with the simple computation C′ = 4C +A′, we get
A′(z + 1) ≥ C′(t).
Noting that A′ < 0, we have thus get our result. 
3. Technical Preparation
In this section we first list some results that will be used in our proof.
The classical Bonnesen inequality for 2-dimensional case indicates that isoperi-
metric deficit of a bounded set E can control the Hausdorff distance between E and
a ball, but it is difficult to get the corresponding one for higher dimension. The
correct setting is measure theoretical. In [FMP], Fusco, Maggi and Pratelli have
proved the following sharp theorem, which is previous studied by Fuglede [Fuglede]
and Hall [Hall].
Theorem 9. For any E ⊂ Rnwith a finite measure, there exists a constant γ(n) > 0
such that
(3.1) α(E)2 ≤ γ(n)
|∂E| − |∂Br|
|∂Br|
where α(E) := minx∈Rn
{
|E∆Br(x)|
|Br|
: |E| = |Br|
}
, E∆Br(x) = (E\Br(x))∪(Br(x)\E)
and |∂E| denotes n− 1 dimensional measure of boundary.
Next, we list some estimates for σk Yamabe equations, which will be used later.
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Theorem 10. Let u ∈ C4 be the solution to σk(g
−1
u Agu) = C0 in a geodesic ball
Bnr , where C0 is a positive constant. We have
sup
Br/2
(
|∇u(x)|2 +
∣∣∇2u(x)∣∣) ≤ C(1/r2 + sup
x∈Br
e2u)
where C depends only on n, k.
The local estimates can be found in [LL1] and have been proved by various
mathematicians [GLW, GW1, LL1, SC, W1, STW].
We now present a simple uniform volume estimate.
Proposition 11. Let u be the solution to (1.1) with conic singularities
∑q
i=1 βipi,where
−1 < βi ≤ 0 and q ∈ Z
+. For every t ∈ R, the level set S(t) = {x : u(x) > t} has
the following
(3.2) |S(t)| ≤
4
3
e−4t|S3|.
Proof. We have
(3.3)
ˆ
R4
e4u ≥
ˆ
{u>t}
e4u ≥ e4t|S(t)|.
By (2.6), we have
(3.4)
ˆ
R4
σ2(g
−1
u Agu)dx = |S
3|(2−
q∑
i=1
β3i + 3β
2
i
2
) ≤ 2|S3|.
Now combining (1.1), (3.3) and (3.4), we have proved (3.2). 
Next we prove a local upper estimates for singular solution for n/2 Yamabe
equation in Rn, which will be used later. The following behavior near singularity
is well known in the classical Yamabe problem and we refer to Schoen and Pollack
[Pollack].
Theorem 12. Let n be even and g = e2ugE such that σn/2(g
−1Ag) = C0 > 0, on
B(0, 1)\{0}, and λ(Ag) ∈ Γ
+
n/2. If
(3.5)
ˆ
B1
enudx < χ(Sn)|Sn−1| = 2|Sn−1|,
then for x ∈ B(0, 12 )\{0},
u(x) ≤ C − ln |x|,
where C is independent of u.
Proof. For x0 ∈ B(0, 1/2)\{0}, let ρ(x) = d(x, x0) and σ = d(x0,0)/2, where d is
the Euclidean distance, we define
(3.6) h(x, x0) = ln(σ − ρ(x)) + u(x).
Since u is smooth up to ∂B(x0, σ), and h(x) = −∞ for x ∈ ∂B(x0, σ), the maximum
of h happens in B(x0, σ).
We claim h(x, x0) < C, where C is independent of x0 and u. We prove this
claim by contradiction. Otherwise, we have a sequence x0,l ∈ B(0, 1/2)\{0}, xl ∈
B(x0,l, σl), gl = e
2vlgE,
´
B1
envldx < χ(Sn)|Sn−1|, σl = d(x0,l, 0)/2, ρl(x) =
d(x, x0,l) such that for ∀l,
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ln(σl − ρl(xl)) + vl(xl) = hl(xl) = max
B(x0,l,σl)
hl >
2
n− 2
ln l.
Since (σl − d(xl, x0,l)) ≤ σl ≤
1
2 , we have vl(xl) → ∞ as l → ∞. Denoting
λl = e
vl(xl), we get that λl →∞ as l→∞. Let
v˜l(z) = − lnλl + vl(xl +
z
λl
),
with v˜l(0) = 0 and gl = e
2v˜l(z)gE.
We have vl(x) ≤ ln 2 + vl(xl) in B(xl, rl/2) ⊂ Bσl(x0,l), where rl = σl − ρl(xl).
So for Rl = λl
rl
2 =
1
2 (e
n−2
2
vl(xl)(σl − ρl(xl))
n−2
2 )
2
n−2 ≥ 12 l
2
n−2 →∞,
v˜l(z) ≤ ln 2 in |z| ≤ Rl.
Thus v˜l(z) are uniformly bounded in any compact set in R
n and v˜l(0) = 0. By
Theorem 10, for any compact K ⊂ Rn, v˜l(x) ≥ C for l large and x ∈ K. By the
classical Schauder theory, we get
sup
K
|v˜l|C2,α ≤ C.
Then by Arzela-Ascoli theorem, there exists a subsequence of v˜l (still denoted
by v˜l) and a function v∞ such that v˜l → v∞ in C
2,α for any compact sets in Rn.
Therefore
σk(λ(Ae2v∞ gE )) = C0 in R
n.
By the Liouville theorem of Li-Li[LL2], g∞ = e
2v∞gE is the standard sphere metric.
For k = n/2, we consider the Gauss-Bonnet-Chern formula of [FW], and see that
lim
l→∞
ˆ
B(0,1)
σk(λ(Agvl ))dvolgvl ≥ liml→∞
ˆ
B(xl,rl/2)
σk(λ(Agvl ))dvolgvl
≥ lim
l→∞
ˆ
B(0,Rl)
σk(λ(Agv˜l ))dvolgv˜l
=
ˆ
Rn
σk(λ(Agv∞ ))dvolgv∞ = χ(S
n)|Sn−1|,
which contradicts with (3.5).
Now we have proved that (3.5) for |x0| <
1
2 . Picking x = x0, we get u(x0) ≤
C − ln |x0| for |x0| <
1
2 . We have finished the proof. 
For a similar result regarding the general σk Yamabe equation, see [W].
4. Proof of main theorem
In this section, we prove our main theorem.
Note that we have a sequence of conformal metrics {gl}
∞
l=1 with constant σ2 cur-
vature and prescribed non-degenerate conic singularities that satisfies (1.6). With-
out loss of generality, we assume j = q. The key point of the proof is to fix the
proper conformal gauge so that resulting conformal factors on R4 have enough
information to carry out a priori estimates.
First, by proper Kelvin transforms, we may assume that pq = ∞ and write
gl = e
2ulgE with respect to the Euclidean metric of R
4. In order to have sub-
convergence of ul, we will determine a coordinate system for each l later, which is
crucial for our proof. We use notations introduced in Section 2 and use subscript
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l to denote corresponding geometric terms for gl. Also, throughout our proof, we
pass to a subsequence of gl whenever necessary and we will denote the subsequence
as still gl to simplify notations.
Theorem 13. Conditions as in Theorem 2, then for t ∈ R almost everywhere,
after passing to a subsequence,
(4.1) lim
l→∞
|Sl(t)|
3α2(Sl(t)) = 0,
and
(4.2) lim
l→∞
|Ll(t)|
4 1
|S3|4
− (4Bl(t))
3 = 0,
where α is defined in Theorem 9.
Proof. We do the following computation.
(M ′l )
3 + 12(M ′l )
2Cl + 48C
2
lM
′
l
= M ′l (t){(M
′
l + 4Cl)
2 + 4Cl(t)[M
′
l (t) + 4Cl(t)] + (4Cl)
2}
= (El(t)− 4Cl(t))(E
2
l + 4Cl(t)El + (4Cl)
2)
=
(1
3
(2zlA
′
l +
2
3
z′l
 
Ll(t)
σ1(A˜)|∇ul|)
)3
− (4Cl(t))
3
≥
2
3
(A′l)
2
 
Ll(t)
σ1(A˜)|∇ul|
 
Ll(t)
(
H
3
|∇ul| − ∇nnul)|∇ul|dl − (4Cl(t))
3
≥ e12t|Ll(t)|
4 1
|S3|4
− e12t(4Bl(t))
3(4.3)
≥ c(n)e12t|Sl(t)|
3α2(Sl(t))
where
El =
1
3
(2zlA
′
l +
2
3
z′l
 
Ll(t)
σ1(A˜)|∇ul|).
In (4.3), the fourth inequality holds due to Ho¨lder inequality and (2.11), while the
fifth inequality is due to (2.12) and the last inequality is due to Theorem 9.
Furthermore,
ˆ +∞
t0
(
(M ′l (t))
3 + 12Cl(M
′
l )
2 + 48C2l M
′
l )
1/3dt
(4.4)
≤
ˆ ∞
t0
M
′
l + (12Cl)
1/3(M ′l )
2/3 + (48C2l M
′
l )
1/3dt
≤
ˆ ∞
t0
M
′
l dt+ (
ˆ ∞
t0
M
′
l )
2/3(
ˆ +∞
t0
12Cldt)
1/3 + (48)1/3(
ˆ ∞
t0
M
′
l dt)
1/3(
ˆ +∞
t0
Cldt)
2/3.
As
´ +∞
−∞
4Cl(t)dt =
´
R4
e4ul < C <∞ by Theorem 7, with (4.3) and (4.4), we get
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ˆ ∞
t0
M
′
l dt+ (
ˆ ∞
t0
M
′
l )
2/3(
ˆ +∞
t0
12Cldt)
1/3 + (48)1/3(
ˆ ∞
t0
M
′
l dt)
1/3(
ˆ +∞
t0
Cldt)
2/3
≥
ˆ ∞
t0
(
c(n)e12t|Sl(t)|
3α2(Sl(t))
)1/3
dt.
Here Ml is increasing respect to t by Theorem 7. By (1.6) and (2.7), we have
(4.5) lim
l→∞
[Ml(+∞)−Ml(−∞)] = 0,
where Ml(±∞) = limt→±∞Ml(t). Thus, for M
′
l (t) ≥ 0,
ˆ +∞
−∞
M ′l (t)dt = Ml(+∞)−Ml(−∞)→ 0
as l → ∞. Thus,
´∞
t0
M ′l (t) → 0. Then
´∞
t0
(
e12tc(n)|Sl(t)|
3α2(Sl(t))
)1/3
dt as l →
∞.
After passing to a subsequence |Sl(t)|
3α2(Sl(t)) ≥ 0 converges to 0 almost ev-
erywhere for t ≥ t0. Repeating the same argument for a sequence of ti → −∞
and a diagonal argument, we have proved that |Sl(t)|
3α2(Sl(t)) converges to 0 as
l → ∞ almost everywhere on R. Thanks to Sard’s theorem, we have proved the
theorem. 
Denote U ⊂ R4 to be the dense set on which (4.1) and (4.2) hold. We are now
ready to prove our main theorem.
Proof. (of Theorem 4) Note that we have fixed our infinity as pl,q. We are ready
for the second step of gauge fixing. As the scaling u(x) → u(kx) + ln k does not
change the conic metric and the capacity, we choose appropriate scaling for each ul
such that,
(4.6) K(S4, gl, pl,q) = Cl(0).
We claim that
(4.7) lim sup
l→∞
Cl(0) > 0.
We prove the claim by contradiction. If not, then liml→∞ Cl(0) = 0. By (4.6)
and the definition (1.2), Cl(t) converges uniformly to C∞(t) = 0. Consider Ml(Al)
as function of Al, where Al ∈ [0, Vl] and Vl =
2
3 (2 −
∑q
i=1
β3l,i+3β
2
l,i
2 ). By Theorem
7, Ml is monotone respect to Al. Applying the key condition (1.6), we get
lim
l→∞
Ml(A) =
1
4
β2∞(2 + β∞)
2
uniformly for A ∈ [0, V∞]. Furthermore, the limit function z∞(A) = liml→∞ zl(A)
can be characterized by the definition (2.5) and satisfies the following
(4.8) A+
2
3
D∞(+∞) +
2
3
(A+
2
3
D∞(+∞))z∞(A) +
1
36
z4∞(A) =
1
4
β2∞(2 + β∞)
2.
where D∞(+∞) = liml→∞Dl(+∞) =
3
2
∑q−1
i=1 β
2
i −
1
2
∑q−1
i=1 |β
3
i |, and z∞(0) =
(
∑q−1
i=1 β
3
i )
1/3 > −1 + ǫ > −1. There exists δ > 0 such that
(4.9) z∞(A) > −1,
σ2 YAMABE PROBLEM ON CONIC SPHERES II:BOUNDARY COMPACTNESS OF THE MODULI12
for A ∈ (0, δ).
By Lemma 8, for each l, dCldAl ≥ zl(Al) + 1 a.e., which leads to
(4.10)
dC∞(A)
dA
≥ z∞(A) + 1.
Thus, for A ∈ (0, δ), we combine (4.9) and (4.10) to get C∞(δ) > 0, which is a
contradiction to the fact that C∞(A) = 0. We have now proved (4.7). We thus
write
(4.11) lim
l→∞
Cl(0) = C∞(0) > 0.
Now, fix any t0 ∈ U such that t0 < 0, and consider level sets Sl(t0). By Theorem
13, α(Sl(t0)) → 0 as l → ∞, which implies that there exists a ball B(x
∗
l , r
∗
l ) such
that
(4.12) lim
l→∞
|∆(Sl(t0), B(x
∗
l , r
∗
l ))| = 0.
By (4.11) and Corollary 11, we have the following crucial fact
(4.13) rt0 = lim
l→∞
r∗l ∈ (0,+∞).
The third and final step of gauge fixing is to apply the translation u(x)→ u(x+k)
for each ul such that x
∗
l = xt0 is independent of l. (4.12) and (4.13) imply that as
l→∞,
(4.14) |∆(Sl(t0), B(xt0 , rt0))| → 0.
Now for any t ∈ U , by Theorem 13, α(Sl(t))→ 0. Following arguments in [FL1],
we claim that we find a ball B(xt, rt) such that as l →∞,
(4.15) |∆(Sl(t), B(xt, rt))| → 0.
Here the existence of rt is due to Theorem 9 and by (4.15), rt < +∞. It is clear
that rt is monotone non-increasing with respect to t.
We prove the existence of xt. Define U
′ = {t ∈ U, rt > 0}. For any t ∈ U
′, by
Theorem 13, there exists a sequence of balls B(x∗l,t, r
∗
l,t) such that
(4.16) lim
l→∞
|∆(Sl(t), B(x
∗
l,t, r
∗
l,t))| = 0.
It is easy to see that r∗l,t → rt. By (4.16),(4.14) and our choice of xt0 , we get
lim
l→∞
|(B(xt0 , rt0) ∩B(x
∗
l,t, r
∗
l,t))| =
|min{rt0 , rt}|
4
4
|S3| > 0,
which, together with crucial facts that rt0 > 0 and rt > 0, implies that
(4.17) lim sup
l→∞
|xt0 − x
∗
l,t| = lim sup
l→∞
|x∗l − x
∗
l,t| ≤ max{rt0 , rt}.
(4.14) clearly implies that when moving to a subsequence, we can take limit of x∗l,t,
which we pick as xt. If U
′ = U, we have thus finished the proof of (4.15). Otherwise,
let t′ = supU ′ and r′ = inf{rt, t ∈ U
′}, we see that ∩t∈U ′B(xt, rt) is a ball of radius
r′ ≥ 0. Pick any y ∈ ∩t∈U ′B(xt, rt). For t ∈ U \ U
′, we have liml→∞ |Sl(t)| = 0,
which also implies that rt = 0. We may simply define xt = y. We have now finished
the proof of (4.15).
By Proposition 11 and (4.15), we see that
lim
s∈U,s→+∞
rs = 0.
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It is also clear that ∩t∈UB(xt, rt) is a single point, which we denote as Q.
Consider the set S′ = {p1, · · · , pq′} \ {∞}, where pi = liml→∞ pl,i exists if we
pass to a subsequence. Note that S′ may be empty. Thus, for any compact set
K ⊂ R4\S′, by (2.6) and Theorem 12, possibly replaced by a subsequence, {ul} has
uniform upper bound on K. By Lemma 10, there exists a u∞ such that ul → u∞
in C1,1loc (R
4 \ S′). We claim that u∞(x) 6= −∞ for x /∈ S. If not, exists a x
′ /∈ S′
such that u∞(x
′) = −∞. Since R4 \ S′ is connected, by Theorem 10, u∞ = −∞ in
R
4 \ S′. This contradicts with the fact that |Sl(t0)| = |B(xt0 , rt0)| > 0, and Sl(t0)
is convergent in measure theoretical sense.
Therefore, ul has a uniform lower bound on any compact set away from S
′. By
classical Schauder estimates,
(4.18) ul → u∞ in C
∞(R4 \ S′),
where u∞ satisfies σ2(Au∞) = 3/2.
We now analyze S∞(t) = {u∞ ≥ t} and L∞(t) = {u∞ = t}. Let a =
max{|x|, x ∈ S}. Fix t ∈ U and for any compact ball K = B(0, r) ⊃ B(xt, rt)
with r > a+1, by (4.15) and (4.18), Ll(t)∩K converges to L∞(t)∩K in C
∞ sense,
which implies that S∞(t) ∩ K = B(xt, rt), when rt > 0. Let l → ∞, we get that
for t ∈ U ′, then rt > 0, and
(4.19) S∞(t) = B(xt, rt).
When t ∈ U \ U ′, we may conclude that S∞(t) is either empty or isolated points.
This in particular implies
(4.20) r′ = lim inf
t∈U ′
rt = 0.
Hence, ∩t∈US∞(t) consists of at most one point, which we denote as Q if it exists.
Since u∞ is smooth away from S
′, we have proved that S′ contains at most one
point. Thus, u∞ is a smooth solution of σ2(Au∞) = 3/2 on R
4 \ S′, which by
Theorem 2, has to be rotationally symmetric. Furthermore, g∞ = e
2u∞gE is either
a standard 4-sphere metric or a football metric with conformal divisor β(Q)+β(∞).
Another consequence of (4.18) is
K(S4, g∞) = lim
l→∞
K(S4, gl).

Finally, we prove Corollary 5.
Proof. It is clear from our discussion that liml→∞ Cl(t) = C∞(t), which is smooth.
Using the fact that C′l(t) = 4Cl(t) +A
′
l(t), we get, for any finite s < t,
(4.21) A∞(t)−A∞(s) = lim
l→∞
Al(t)−Al(s),
which only implies that
(4.22) V ol(g∞) ≤ lim inf
l→∞
V ol(gl).
This corresponds to possible volume collapsing, which is a new behavior in dimen-
sion 4.
If V ol(g∞) = 2|S
3| is the volume of the standard 4-sphere, we have, by (2.6) and
(4.22), that βl,i → 0 when l→∞. 
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